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Abstract
Total precession (geodetic precession and frame dragging) depends on
the velocity of each source of gravitation, which means that it depends
on the choice of the coordinate system. We consider the latter as an
anomaly specifically in the Gravity Probe B experiment, we investigated
it and solved this anomaly. Thus, we proved that if our present expression
for the geodetic precession is correct, then the frame dragging should be
25% less than its predicted value.
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sion.
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1 Introduction
The frame dragging problem has been modeled and addressed in experiments
in two ways. One of the models is described in [1] and it refers to the LA-
GEOS experiment, while the other is essentially based on Schiff’s paper [2]
and refers to the Gravity Probe B (GPB) experiment. Both experiments de-
scribe the behavior of a gyroscope in the vicinity of a rotating source (Earth).
In the LAGEOS experiment, the gyroscope is represented by the combination
of the nodal longitudes of the two LAGEOS satellites, measuring the orbital
shift of the satellites, i.e. the Lense-Thirring effect. This experiment produced
observations corresponding to the prediction of general relativity within 10%.
The GPB experiment measures the shift of the gyroscope’s plane directly, and
the final measuring results will be discussed in section 5. In this paper we
consider the model underlying this experiment and we derive that the frame
dragging should be 25% smaller than predicted, given the constraints of the
experiment. Hence the model of the GPB experiment does not correspond to
1
2the LAGEOS experiment, and their results and the error estimates cannot be
compared. Specifically, the Lense-Thirring effect is an orbital effect and the LA-
GEOS experiment tests the equations of motion, while, in the GPB experiment,
Fermi-Walker transport is needed to derive the gyroscope’s axial precession. In
fact, the GPB experiment tests the applicability of Fermi-Walker transport. In
this paper we do not propose any change of the value of the Lense-Thirring
effect, but only the value of the frame-dragging. The typical case which allows
comparison between the two models (LAGEOS and GPB) is the case of an or-
biting gyroscope around a spherical massive rotating body, although both effects
(Lense-Thirring and frame dragging) exist more generally. Such an example is
the case when the massive body does not rotate, but it moves relative to the
chosen coordinate system. In this case the frame dragging alone is not Lorentz
covariant but, combined with the geodetic precession, gives a sum that should
be Lorentz covariant.
(a) Let us present here notations and some elements of the standard material
on this topic.
Let us denote by S the spin vector of a gyroscope. We assume that it is Fermi-
Walker transported along the world line. Differentiating in three dimensions,
dS/dτ = Ω× S, (1.1)
where
Ω = −
1
2
v × a
c2
+
(
γ +
1
2
)v ×∇U
c2
−
γ + 1 + α14
4
c∇× g, (1.2)
and g = g0iei. As in [3] we neglect the symmetric part of the total precession
since it is much smaller and periodic for circular orbits. This leaves, as our main
concern, the antisymmetric part. Notice that the formula (1.2) is calculated
relative to the frame fixed with respect to the distant galaxies [4].
The first term on the right side in (1.2) denotes the Thomas precession, which
disappears for free-fall orbits. The second term is the geodetic precession. Notice
that the formula for the geodetic precession was measured to within about 0.36%
using Lunar Laser Ranging (LLR) data [5, 6, 7, 8] by considering the Earth-
Moon system as a gyroscope with its axis perpendicular to the orbital plane.
Geodetic precession was recently also confirmed to a precision of less than 1%
by the GPB experiment.
The third term in (1.2) is the effect of dragging of inertial frames. We can
write γ = 1 and α1 = 0 according to general relativity. Then, [4, 9]
Ω = 2∇×V, (1.3)
where
Vi =
G
c2
∫
ρ′v′i
| x− x′ |
d3x′, i = 1, 2, 3. (1.4)
By solving the corresponding integral,
Ω = −
G
c2r3
[J− 3nˆ(J · nˆ)], (1.5)
3where J is the angular momentum of the gravitational spinning body (the
Earth), and nˆ is the unit radial vector of the gyroscope. In the case of GPB
[10], i.e. for polar motion with constant velocity, this vector averages to
〈Ω〉 =
G
2c2r3
J. (1.6)
(b) We use the following statements, which are either proven or acceptable
assumptions.
b1. We will use for comparison the known formula Ω = (γ+ 12 )(v×∇U)/c
2
for the geodetic precession with respect to the distant stars when the frame
dragging vanishes, as an experimental true.
b2. We assume a weak gravitational field, where the principle of superposi-
tion may be applied.
2 The reason for consideration of the geodetic
precession and the frame dragging
In this paper we will consider only gyroscope in a freefall orbit, so that a = 0.
As a consequence of (1.2) the angular velocity is deduced in [4] (eq. (9.5)) in
the following form:
Ω =
(
γ +
1
2
)∑
a
(v − va)×∇
Gma
rac2
−
1
2
(γ + 1)
∑
a
G[Ja − 3nˆa(nˆa · Ja)]/r
3
ac
2
−
1
2
∑
a
va ×∇
Gma
rac2
, (2.1)
where v is the velocity of the gyroscope, va is the velocity of the a-th spherical
body, Ja is its angular momentum and ra is its distance to the gyroscope. Writ-
ten in this form, the first and the second term in (2.1) are geodetic precession
and frame dragging effect respectively and they are Lorentz covariant values,
i.e. independent of the choice of coordinate system, while the third term is
anomalous since it depends on the velocity of each body [4]. Thus, the overall
expression depends on the choice of the coordinate system and hence it is not
Lorentz covariant.
The reason why this precession is not Lorentz covariant is the motivation
of this paper. We shall not consider many sources of gravitation. It suffices to
consider just one body (a = 1) with zero angular momentum, simply as a point
mass body, with velocity u. This special case leads to the following simple form:
Ω =
(
γ +
1
2
)v × a
c2
− (1 + γ)
u× a
c2
=
(
γ +
1
2
)(v − u)× a
c2
−
1
2
u× a
c2
, (2.2)
where we denote the Newtonian acceleration ∇Gm
r
by a in order to simplify
the notation. Notice also that, applying the simple equality (2.2) to each small
4particle in systems of gravitational bodies while using the principle of superpo-
sition for weak gravitational fields (b2), one can deduce (2.1). So, it is sufficient
to study (2.2) in more detail.
The angular velocity is analogous to the magnetic field in electrodynamics.
Moreover, it is a part of an antisymmetric tensor which consists of a 3-vector
of acceleration and 3-vector of angular velocity, analogously to the tensor of
electromagnetic field ([11, 12, 13, 14, 15]). We will call this angular velocity
the intrinsic angular velocity. The intrinsic angular velocity field is analogous
to the field of (Newtonian) acceleration close to the gravitational bodies. The
intrinsic angular velocity includes the proper angular velocity, a mechanical field,
but not resulting from the presence of a moving gravitational body in a close
neighborhood. Our intention is to deal with such coordinate systems for which
the proper angular velocity is zero. The following question arises here: How can
we recognize these systems; what characteristics they possess? This question
will be answered in the next section where we will see that it is possible to give
a Lorentz invariant criteria whether a given coordinate system has zero proper
angular velocity, i.e. a definition independent of the choice of the observer’s
coordinate system.
In addition to the intrinsic angular velocity, there is the exterior angular
velocity. It describes how an observer from another coordinate system sees the
angular velocity of the chosen coordinate system or the precession of a gyroscope.
This is not a field, but it is associated with one object.
We will see in the next section that, if we measure the precession of a gy-
roscope by an instrument from a coordinate system with zero proper angular
velocity, just close to the gyroscope, then the observed value must be indepen-
dent of the choice of the coordinate system. Analogously, the precession of the
celestial bodies (i.e. distant stars) in the sky observed from an instrument in a
coordinate system with zero proper angular velocity must be independent of the
choice of the coordinate system. So now we have two such independent angular
velocities, and their difference is also a third such independent angular velocity.
This difference is indeed the precession of a gyroscope with respect to the dis-
tant stars. If the coordinate system of the observer has non-zero proper angular
velocity ψ, then the first two invariant angular velocities will be changed for the
same angular velocity −ψ, and their subtraction will remain independent of the
choice of the coordinate system.
According to the Mach principle, the axis of a gyroscope remains unchanged
with respect to the distant stars. Presently, this is conceived in such a way that
the deviation of the axis with respect to the distant stars is given by (2.1) or
(2.2). But the formula (2.2) for this precession will not be satisfactory, because
it depends on the choice of coordinate system. Notice that the observation of
the precession of the Earth-Moon axis (de Sitter precession) fits very well with
its prediction because the measurement is done with respect to the distant stars,
and there was no other option than that. But the measurement of the precession
in GPB experiment is much more sophisticated. Ideally, the gyroscope preces-
sion S and the telescope precession T , with the telescope oriented toward the
guide star, should be measured separately. However, there are many reasons
5why these are not separately measured on long time intervals, and subtracted
afterwards. Instead, in the GPB experiment, the difference S−T is determined
every two seconds in a manner that deprives us from having relevant data sep-
arately for S and T . Although the consideration of the precessions S and T
in this paper is analogous to the corresponding precessions in the GPB experi-
ment, they differ from them. Namely, in this paper the proper angular velocity
is presumed zero, which is an ideal case of (almost) non-rotating spacecraft.
In the GPB experiment, calculations get compounded because the spacecraft
rotates. So the mentioned precessions in the GPB experiment depend on the
axis of rotation of the spacecraft and only the difference S−T is relevant, which
leads to the precession of the gyroscope with respect to the distant stars.
Since the measurement of the gyroscope precession S gives an inner property
of the space-time, it is naturally to be related to the intrinsic metric of space-
time. In the next sections we consider the Lorentz invariance of the gyroscope
and the telescope precessions in more details.
3 Total precession observed by observers far
from massive objects
For the rest of the paper, we will mainly focus on exterior angular velocity,
which we will simply call angular velocity.
The angular velocity of a gyroscope is not universal, but a relative quantity as
the 3-vector of velocity. For example, one test body moves with nonzero velocity
vector with respect to one observer (coordinate system), but rests with respect
to another observer. But if we consider the relative velocity of a point B with
respect to A, then this relative velocity transforms as a 3-vector, neglecting the
terms of order c−2. We have an analogous situation with the angular velocity.
This value differs between coordinate systems, but the relative angular velocity
of one gyroscope with respect to another gyroscope is a quantity which should be
(almost) the same according to all observers. We will introduce the notion that
one observer sees that another coordinate system rotates with angular velocity
ϕ in the following way. If we have two observers from coordinate systems S1
and S2, and assume that the precession of a gyroscope’s spin axis is observed to
have angular velocity w1 and w2 respectively from S1 and S2, then we accept by
definition that the observer from S1 sees that the coordinate system S2 rotates
with angular velocity w1−w2. It is important that this definition requires us to
assume that the coordinate systems are moving with small velocities with respect
to the speed of light and we neglect the terms of order w/c2. By accepting the
previous definition, it is easy to deduce the following conclusions:
1. No observers see any angular velocity of their own coordinate systems.
2. If an observer from S1 sees that S2 rotates with an angular velocity w,
then the observer from S2 sees that the system S1 rotates with the opposite
angular velocity −w.
3. If an observer from S1 sees that the coordinate system rotates with
6an angular velocity w1 and assume that an observer from S2 sees that the
coordinate system S3 rotates with an angular velocity w2, then the observer
from S1 sees that the coordinate system S3 rotates with the angular velocity
w1 + w2.
The previous discussion shows that although the notion of coordinate system
is just a geometric instrument used for calculations, the relative angular velocity
between the coordinate systems exists. This conclusion agrees with the Mach
principle.
Observing the angular velocity of another coordinate system is affected by
the presence of gravitation. For the sake of simplicity, we will at first consider
only one gravitational body without angular momentum. It is convenient to
consider also observers from inertial coordinate systems far from massive bodies.
Since it is natural to consider that the precession of the coordinate axes observed
from the chosen observer does not depend on the velocity of the gyroscope, we
introduce the following simple axiom.
Axiom. An observer which rests with respect to the gravitational body ob-
serves no precession of the coordinate axes of any freely moving coordinate sys-
tem.
Let us now prove the following theorem.
Theorem. Let us denote by Ωgyr. the total spin precession of any gyroscope
with respect to observers from inertial coordinate frames far from the massive
objects, and let us denote by u the velocity of source of gravitation which causes
acceleration a of the gyroscope. Then:
(i) Ωgyr. −
1
2
v×a
c2
transforms as a spatial 3-vector, neglecting the terms of
order |Ωgyr.|/c
2, and assuming that the velocities among the observers and the
gyroscope are small compared with the light velocity, and
(ii) the precession of the coordinate axes of freely falling coordinate system
is observed to be 12
u×a
c2
.
Proof.
(i) The theorem is obvious if the coordinates of two observers are only rotated
in the space and they are mutually in rest, because Ωgyr. and
1
2
v×a
c2
transform as
spatial 3-vectors. So, we should consider only two systems linked by a Lorentz
boost, and should prove that the coordinates of Ωgyr.−
1
2
v×a
c2
are the same in the
two coordinate frames, neglecting the terms of order w/c2, where w = |Ωgyr.|.
Without loss of generality we can assume only a Lorentz boost along the x-axis.
In this proof we will assume that the time coordinate is ict, for the sake of
simplicity.
Assume that the gyroscope moves with a 4-vector of velocity Vi. Let us
consider an orthonormal tetradAiα of 4 vectors, whereAiα is the i-th component
of the α-th vector. The generality is not lost if we set Ai0 = Vi/c. If the 3-vector
of velocity is v = (0, 0, 0), then in the chosen coordinate frame the corresponding
3-vector 12 (A
′
32 −A
′
23, A
′
13 −A
′
31, A
′
21 −A
′
12) represents angular velocity, where
prim denotes differentiation by the time t. More generally, if v is an arbitrary
vector of magnitude v ≪ c, then the same vector, neglecting the terms of order
1
c2
A′ij , represents a vector along the axis of rotation in 3 dimensions.
Let us denote by Lij the Lorentz transformation corresponding to a velocity
7v∗ in the x-axis, and let us denote A¯iα = LijAjα. Notice that, neglecting the
terms of order w/c2, the derivative with respect to time remains the same in
different coordinate frames. Further,
1
2
(A¯′32 − A¯
′
23, A¯
′
13 − A¯
′
31, A¯
′
21 − A¯
′
12) =
=
1
2
(L3iA
′
i2 − L2iA
′
i3, L1iA
′
i3 − L3iA
′
i1, L2iA
′
i1 − L1iA
′
i2) =
=
1
2
(A′32 −A
′
23, L11A
′
13 + L10A
′
03 −A
′
31, A
′
21 − L11A
′
12 − L10A
′
02).
We notice that neglecting the terms of order w/c2 gives L11A
′
13 = A
′
13 and
L11A
′
12 = A
′
12. By differentiating the equality AijAi0 = δj0 = 0 for j = 2 and
j = 3 we obtain A′ijAi0 +AijA
′
i0 = 0,
A′0j = −(A
′
1jA10+A
′
2jA20+A
′
3jA30+A0jA
′
00+A1jA
′
10+A2jA
′
20+A3jA
′
30)/A00.
Hence, A′02+ i
ay
c
∼ wv/c and A′03+ i
az
c
∼ wv/c. Replacing that L10 ≈ i
v∗
c
and
neglecting the terms of order w/c2 we obtain
1
2
(A¯′32 − A¯
′
23, A¯
′
13 − A¯
′
31, A¯
′
21 − A¯
′
12) =
=
1
2
(A′32 −A
′
23, A
′
13 −A
′
31, A
′
21 −A
′
12) +
1
2
(0,
v∗az
c2
,−
v∗ay
c2
),
Ω¯gyr. = Ωgyr. −
1
2
v∗ × a
c2
,
where v∗ = (v∗, 0, 0). If we denote by v and v¯ the velocity vectors of the
gyroscope according to the both coordinate systems and use that v∗ = v − v¯,
we obtain finally
Ω¯gyr. = Ωgyr. −
1
2
(v − v¯)× a
c2
,
Ω¯gyr. −
1
2
v¯ × a
c2
= Ωgyr. −
1
2
v × a
c2
,
and the proof of (i) is finished.
Since − 12
v×a
c2
is the Thomas precession ΩThomas, part (i) of the theorem
states that
Ωgyr. +ΩThomas
transforms as a 3-vector. So, the role of the Thomas precession is to complete
the precession up to a 3-vector in all systems.
Notice also that in the previous proof we can also replace v∗ = u− u¯ instead
of v∗ = v− v¯, where u and u¯ are the velocity vectors of the gravitation source
with respect to the chosen coordinate systems, and hence we would obtain
Ω¯gyr. −
1
2
u¯× a
c2
= Ωgyr. −
1
2
u× a
c2
,
8which means that Ωgyr. −
1
2
u×a
c2
is Lorentz invariant. This is also true because
1
2
v×a
c2
− 12
u×a
c2
= 12
(v−u)×a
c2
transforms as a spatial 3-vector.
(ii) According to the above axiom, the precession of the coordinate axes ob-
served by the chosen observer does not depend on the velocity of the gyroscope.
Thus, we can simply repeat the proof of (i) and replace v∗ = u − u¯ instead of
v∗ = v − v¯ and for the precession of the coordinate system as a gyroscope we
obtain
Ω¯coord. −
1
2
u¯× a
c2
= Ωcoord. −
1
2
u× a
c2
.
Here, the angular velocities Ω¯coord. and Ωcoord. are the observed precession of
the coordinate axes. The 3-vector Ω¯coord.−
1
2
u¯×a
c2
, i.e. Ωcoord.−
1
2
u×a
c2
is a zero
vector according to above axiom. Hence, we obtain that the observed angular
velocity is Ωcoord. =
1
2
u×a
c2
, and the proof of (ii) is finished.
4 Total precession observed from an instrument
close to the gyroscope
According to Theorem (i), the vector Ω− 12
v×a
c2
transforms as a spatial 3-vector,
so assuming that it is a linear combination of u×a
c2
and v×a
c2
as it is the case in
(2.2), then it must be of the form k (v−u)×a
c2
, i.e.
Ωgyr. =
1
2
v × a
c2
+ k
(v − u)× a
c2
, (4.1)
where k is unknown constant. Further we will find that k = 32 using (b1).
Notice that, in any inertial coordinate system, the difference between the
observed precession of the gyroscope (4.1) and the precession of the coordinate
axes 12
u×a
c2
must be the same in all inertial coordinate systems, because it is a
relative precession of the gyroscope with respect to the coordinate axes. So it
must be Lorentz invariant (i.e. transforms as a 3-vector) and it must be the
angular velocity of the gyroscope which is calculated and observed near the
gyroscope. This difference is
1
2
v × a
c2
+ k
(v − u)× a
c2
−
1
2
u× a
c2
,
i.e. (
k +
1
2
) (v − u)× a
c2
. (4.2)
So the observed precession of the gyroscopes from the chosen coordinate system
close to the gyroscope and without proper angular velocity is
Ωgyr. =
∑
i
(
k +
1
2
) (v − ui)× ai
c2
. (4.3)
Now we should consider the apparent precession (not the true one) of distant
stars. Firstly, let us consider only one gravitational body, as previously. Then,
9from an inertial coordinate system which rests with respect to the observed
coordinate system, this body rotates with angular velocity
1
2
(u− v)× a
c2
,
because the relative velocity of the source of gravitation with respect to the
gyroscope is u − v. After the summation of all particles in the gravitational
bodies the observed precession of the coordinate axes is
∑
i
1
2
(ui − v) × ai
c2
.
Hence, observed from a coordinate system without proper angular velocity, all
celestial bodies on the sky seem to rotate with the opposite angular velocity, i.e.
Ωtel. =
∑
i
1
2
(v − ui)× ai
c2
. (4.4)
Earlier, we assumed that all of the coordinate systems have zero proper
angular velocity. In these coordinate systems, then, all celestial bodies on the
sky seem to rotate with the angular velocity (4.4). We may accept this as a
criterion for one system to have zero proper angular velocity. We would like to
emphasize that in such rotating coordinate system the rotational accelerations
(Coriolis, centripetal, etc.) do not exist, and also the center of rotation does
not exist. It is only a field, like a Newtonian field of acceleration. Perhaps the
reason that the Thomas precession disappears in freefall is a consequence of the
absence of rotating forces in this case.
Finally, according to (4.3) and (4.4), the precession of the gyroscope with
respect to the distant stars is given by
Ωrel. = Ωgyr. −Ωtel. =
∑
i
k
(v − ui)× ai
c2
, (4.5)
and hence, according to (b1), it is obvious that k = 32 .
We mentioned in section 2 that starting from (2.2), formula (2.1) can be
deduced. Now starting from (4.3), (4.4) and (4.5) we can obtain that the corre-
sponding Lorentz invariant formulas for the gyroscope, telescope and the relative
precession of the gyroscope with respect to the distant stars are
Ωgyr. = 2
∑
a
(v − va)×∇
Gma
rac2
−
∑
a
G[Ja − 3nˆa(nˆa · Ja)]/r
3
ac
2, (4.6)
Ωtel. =
1
2
∑
a
(v − va)×∇
Gma
rac2
−
1
4
∑
a
G[Ja − 3nˆa(nˆa · Ja)]/r
3
ac
2, (4.7)
Ωrel. =
3
2
∑
a
(v − va)×∇
Gma
rac2
−
3
4
∑
a
G[Ja − 3nˆa(nˆa · Ja)]/r
3
ac
2. (4.8)
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5 Conclusion
At the end we discuss the previous results. Comparing the formula (4.8) and
the old formula (2.1), we see that the geodetic precession is as expected, but the
frame dragging according to (4.6) is 25% less than expected according to (2.1).
In the introduction, we explained why the measurements of the LAGEOS
experiment do not correspond to the frame dragging in GPB. Gyroscope pre-
cession can be directly measured in experiments where the gyroscope concretely
exists as in the GPB with real gyroscopes, and LLR with the Earth-Moon sys-
tem as a gyroscope though, in the latter case, the frame dragging caused by
the rotation of the Sun is too small to be measured. At present, GPB is the
only experiment which can measure the frame dragging. We comment now the
final measuring results [16]. Among the four gyroscopes in the Gravity Probe
B experiment let us consider the gyroscope no. 3, for which the geodetic pre-
cession is the closest to the predicted value -6,606.1 mas/yr, which is without
doubt the true value. It is natural to expect that the measurements of the frame
dragging with this gyroscope are also the most close to the true value. The mea-
surements with this gyroscope of the frame dragging (−25.0± 12.1)mas/yr are
much closer to the value -29.4 mas/yr predicted by (4.8), than the value -39.2
mas/yr predicted by the General Relativity.
We emphasize that the calculations in this paper are based on the assump-
tion that the formula for the geodetic precession is correct. If we consider the
formula of the geodetic precession, another anomaly appears which is beyond
the scope of this paper. Namely, we mentioned that the angular velocity of the
gyroscopes is given by (4.6); it is an inner property which should be derived
via the intrinsic metric of the 4-dimensional manifold. Indeed, all calculations
using the intrinsic metric lead to results with respect to the local coordinates,
but not with respect to the surrounding space. Obviously, using the metric from
general relativity, one can not deduce formula (4.3) for k = 3/2. The formula
(4.3) for k = 3/2 is obtained in a forthcoming paper. In that paper, we will con-
sider a parallel transport of an orthonormal frame as whole, but not as separate
transport of single vectors such as the velocity vector and the spin vector. So
the mentioned anomalies disappear there. We also note that in a recent paper
[17] it is shown why the angular velocity 12
u×a
c2
(from the Theorem (ii)) leads to
Lorentz covariant results for different observers, if we observe orbits.
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